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Transducers

Transducers are abstract machines that recognise relations

R ⊆ Σ∗ × Γ∗

recognised by finite state transducers

recognised by streaming string transducers

Rational relations
Regular relations

Streaming string transducer (SST)

Input:

R1: R2:

Output:

T2 sorts its input

a a a a a a a a b b b b b b

a b b a a a b b b a b a a a

a b ba a a b b ba ba a a

Finite state transducer (FST)

Input:

Output:

T1 produces one of the b-blocks of its input

b b b

a b b a a a b b b a b a a a

b b b a a a b b b a b a a a

R1R2T2:
a ∣ R1 ∶= R1a

b ∣ R2 ∶= R2 b

T1: a ∣ ϵ a ∣ ϵ

b ∣ ba ∣ ϵ

b ∣ ϵ

a ∣ ϵ

b ∣ ϵ
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Transducers

Equivalence of rational relations is undecidable

each input is mapped to at most 1 output
Equivalence of regular functions is decidable

∃k ∈ N s.t. each input is mapped to at most k outputs
Equivalence of finite-valued regular relations is decidable

Theorem: Every finite-valued regular relation can be decomposed
into a finite union of regular functions

Raised as open problems by [2011. Alur, Deshmukh]
Known to hold for FST [1989. Weber], [1993. Weber];
...and for SST with a single register [2017. Gallot et al.]

⇒ The equivalence problem for finite-valued SST is in Elementary
⇒ Finite-valued 2-way FST are as expressive as finite-valued SST

Theorem: We can decide in polynomial space whether a given
SST defines a finite-valued regular relation

recognised by finite state transducers

recognised by streaming string transducers

functions finite-valued
relations

Rational relations
Regular relations

https://viterbi-web.usc.edu/~jdeshmuk/Papers/icalp11.pdf
https://link.springer.com/article/10.1007/BF00264285
https://epubs.siam.org/doi/10.1137/0222014
https://drops.dagstuhl.de/storage/00lipics/lipics-vol066-stacs2017/LIPIcs.STACS.2017.34/LIPIcs.STACS.2017.34.pdf
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Deciding Finite Valuedness

Theorem: We can decide in polynomial space whether a given
SST defines a finite-valued regular relation

Forbidden pattern: (inspired by [2008. De Souza])

● The substitutions produced on the loops have idempotent structure
● The relation recognised by the pattern is not 1-valued

initial
state

final
state

u ∣ α w ∣ ω

v1
∣ β1

v2 ∣ β2

v3
∣ β3

v 1
∣
γ 1

v2 ∣ γ2

v3
∣ γ3

v 1
∣
η 1

v2 ∣ η2

v 3
∣
η 3

https://pastel.hal.science/pastel-00004322v1/document


The Decomposition Theorem

Theorem: Every finite-valued regular relation can be decomposed
into a finite union of regular functions

Proof: (inspired by [2008. Sakarovitch, de Souza] and relying on [2023. FJLW])

T

T ’

T ′1 , ..., T ′k

T1, ..., Tk

T ′ only keeps the runs of T that are far from each other

T ′ i copies the ith lexicographically smallest run of T ′

Ti = T ′ i

k-valued (at most k outputs per input)

k-ambiguous (at most k runs per input)

unambiguous (at most 1 run per input)

functional (at most 1 output per input)

https://drops.dagstuhl.de/storage/00lipics/lipics-vol001-stacs2008/LIPIcs.STACS.2008.1324/LIPIcs.STACS.2008.1324.pdf
https://drops.dagstuhl.de/storage/00lipics/lipics-vol254-stacs2023/LIPIcs.STACS.2023.32/LIPIcs.STACS.2023.32.pdf
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Proof: (inspired by [2008. Sakarovitch, de Souza] and relying on [2023. FJLW])

T

T ’

T ′1 , ..., T ′k

T1, ..., Tk

T ′ only keeps the runs of T that are far from each other

T ′ i copies the ith lexicographically smallest run of T ′

Ti = T ′ i

k-valued (at most k outputs per input)

k-ambiguous (at most k runs per input)

unambiguous (at most 1 run per input)

functional (at most 1 output per input)

https://drops.dagstuhl.de/storage/00lipics/lipics-vol001-stacs2008/LIPIcs.STACS.2008.1324/LIPIcs.STACS.2008.1324.pdf
https://drops.dagstuhl.de/storage/00lipics/lipics-vol254-stacs2023/LIPIcs.STACS.2023.32/LIPIcs.STACS.2023.32.pdf


Transducers

Theorem: Every finite-valued regular relation can be decomposed
into a finite union of regular functions

⇒ The equivalence problem for finite-valued SST is in Elementary
⇒ Finite-valued 2-way FST are as expressive as finite-valued SST

Theorem: We can decide in polynomial space whether a given
SST defines a finite-valued regular relation

recognised by finite state transducers

recognised by streaming string transducers

functions finite-valued
relations

Rational relations
Regular relations



Besançon is hiring

The University of Franche-Comté is recruiting for
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