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Finite-valued regular relations form a class of binary
relations that enjoys good algorithmic properties
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Theorem: We can decide in polynomial space whether a given
SST defines a finite-valued regular relation

Theorem: Every finite-valued regular relation can be decomposed
into a finite union of regular functions
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Theorem: We can decide in polynomial space whether a given
SST defines a finite-valued regular relation

Theorem: Every finite-valued regular relation can be decomposed
into a finite union of regular functions
Raised as open problems by [2011. Alur, Deshmukh]
Known to hold for FST [1989. Weber], [1993. Weber];
...and for SST with a single register [2017. Gallot et al.]

eV 1N 1 {10]1-]| recognised by finite state transducers

GV ETEEEIET [ ] recognised by streaming string transducers
—— ——
functions finite-valued
relations



https://viterbi-web.usc.edu/~jdeshmuk/Papers/icalp11.pdf
https://link.springer.com/article/10.1007/BF00264285
https://epubs.siam.org/doi/10.1137/0222014
https://drops.dagstuhl.de/storage/00lipics/lipics-vol066-stacs2017/LIPIcs.STACS.2017.34/LIPIcs.STACS.2017.34.pdf

DecIDING FINITE VALUEDNESS

Theorem: We can decide in polynomial space whether a given
SST defines a finite-valued regular relation
Forbidden pattern: (inspired by [2008. De Souzal)

Va |72

2 é O 5772
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initial final
state state

e The relation recognised by the pattern is not 1-valued
e The substitutions produced on the loops have idempotent structure
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THE DECOMPOSITION THEOREM

Theorem: Every finite-valued regular relation can be decomposed
into a finite union of regular functions

Proof: (inspired by [2008. Sakarovitch, de Souza] and relying on [2023. FJLW])

T k-valued (at most k outputs per input)
7" k-ambiguous (at most k runs per input)
T/, ..., 7;’ unambiguous  (at most 1 run per input)

\4
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